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Optical transitions in two-dimensional topological insulators with point defects
Vladimir A. Sablikov and Aleksei A. Sukhanov
V.A. Kotel’nikov Institute of Radio Engineering and Electronics,
Russian Academy of Sciences, Fryazino, Moscow District, 141190, Russia
Nontrivial properties of electronic states in topological insulators are inherent not only to the
surface and boundary states, but to bound states localized at structure defects as well. We clarify
how the unusual properties of the defect-induced bound states are manifested in optical absorption
spectra in two-dimensional topological insulators. The calculations are carried out for defects with
short-range potential. We find that the defects give rise to the appearance of specific features in the
absorption spectrum, which are an inherent property of topological insulators. They have the form
of two or three absorption peaks that are due to intracenter transitions between electron-like and
hole-like bound states.
PACS numbers: 71.55.-i, 73.20.-r, 78.67.-n
I. INTRODUCTION
Topological quantum states arising in topological insu-
lators (TIs) due to strong spin-orbit interaction and time
reversal symmetry attract a great deal of interest because
of their nontrivial properties as well as because they pro-
vide us with opportunities to explore qualitatively new
physical phenomena challenging for construction of novel
quantum devices, spintronic applications and topological
quantum computation1–3. The topological states are ro-
bust since they are protected against the scattering by
weak non-magnetic impurities and disorders. The main
attention is paid to topological states that exist near the
surface of three-dimensional TIs and the edge of two-
dimensional (2D) TIs. However, unusual electron states
arise also at impurities and structure defects located in
the bulk.
Impurity induced states were studied both for impu-
rities on the surface of three-dimensional TIs4–9, and in
2D TIs10–14. In addition, the impurity states were dis-
cussed for one-dimensional topological systems12. The
main conclusion is that the electron density localizes
near the defect in a highly unusual way. A similar phe-
nomenon can occur in a trivial one-dimensional system
with spin-orbit interaction in the presence of a weak mag-
netic field15.
In the present paper we address to the 2D TIs since
many experiments presently indicate the important role
of structural defects in these materials, especially in
the electron transport. Theoretical studies of bound
states induced by nonmagnetic defects in the bulk of 2D
TIs have revealed specific properties of these states which
are inherent to 2D TIs and absent in the topologically
trivial crystals.
It turns out that in 2D TIs there are two mechanisms
of the bound state formation in contrast to the trivial
case where a bound state arises only as a quasiparticle
(electron or hole) is localized in a quantum well produced
by the defect. In 2D TIs, bound states are formed by the
repulsive potential as well. These states are similar to the
helical edge states at the boundary of the 2D TI. Their
distinguishing feature is that the electron density is low
in the center but concentrated around the defect. Cor-
respondingly there are two kinds of the states located at
the defect. In particular, a defect with strongly localized
potential induces two states irrespective of the sign of its
potential. This contrasts to the trivial case where the
same defect produces only one state. It is worth noting
that two states located at a given defect are distinguished
also by their pseudospin structure. In one state, the hole
component of the spinor equals zero in the center while
in the other state, the electron component turns to zero
there. Correspondingly the states can be classified also
as the electron-like and hole-like states14,16.
In experiments, the defect-induced bound states are
still poorly understood though they attract continuously
increasing interest, which is stimulated mainly by dis-
crepancies between the experiments and expectations of
the theory. The discrepancies are usually associated with
the presence of uncontrolled defects, the density of which
is apparently high under the real conditions.
In particular, the electric conductance of the edge
states in experiments17–22 appears to be smaller than the
universal quantity e2/h predicted by the existing theo-
ries1. It turns out that in many experiments19–22 the
conductance is decreased by several times or even orders
of magnitude. Along with this, the common observation
is that the suppression of the conductance weakly de-
pends on the temperature. These facts suggests that the
conductance reduction is related to structural defects in
the TIs. Moreover, the energy spectrum of the defect-
induced states plays an important role, since the scatter-
ing of electrons in helical edge states on non-magnetic
defects is possible only due to inelastic processes23,24,
particularly due to intracenter transitions. Neverthe-
less, present theories of spin-flip scattering on defects are
based on phenomenological models of a defect ignoring
its real spectrum and electronic structure25,26.
Our study is motivated by the idea that optical meth-
ods could be a promising tool for studying the unusual
properties of defects in TIs. Such techniques are now
well developed for defects in semiconductors27 and are in-
creasingly used in the studies of 2D electron systems28,29.
The present paper aims to clarify how the defect-
2induced states are manifested in optical absorption spec-
tra. We find that the defects located in the bulk of the
2D TI produce specific peaks in the absorption spec-
trum which can be identified experimentally. The peaks
originate from electron transitions between the quantum
states of different types that are located at the same de-
fect. In one state, a particle is captured by the attrac-
tive potential and in the other state, a particle circulates
around the defect. An important factor affecting the for-
mation of the peaks is also a specific dependence of the
energy of the bound states of the defect potential. The
energy of both states turns out to be weakly dependent
on the amplitude of the defect potential in a wide range
of the potentials. It is for this reason the light quanta ab-
sorbed by the defects with different potentials have close
energies thereby forming the peak.
II. MODEL AND GENERAL EQUATIONS
Our study of optical transitions in 2D TIs with struc-
tural defects is based on the Hamiltonian proposed by
Bernevig, Hughes and Zhang (BHZ)30. This model ade-
quately describes single-particle states in the low-energy
region with using four-component basis (|E ↑〉, |H ↑〉, |E ↓
〉, |H ↓〉)T , where |E ↑〉 and |E ↓〉 are superposition of
electron and light-hole states with the moment projec-
tion mJ = ±1/2, and |H ↑〉 and |H ↓〉 are the heavy-hole
states with mJ = ±3/2. If the spin-orbit interaction
(SOI) due to structural inversion asymmetry and bulk
inversion asymmetry is absent, the BHZ Hamiltonian is
block diagonal:
Hˆ0 =
(
h(kˆ) 0
0 h∗(−kˆ)
)
, (1)
where h(k) = (C − Dk2)I2×2 + dµ(k)σµ with dµ(k) =
(Akx,−Aky,M−Bk2); kˆ is the momentum operator and
σµ are the Pauli matrices. A,B,C,D,M are model pa-
rameters depending on the quantum-well width30. Of
critical importance is the sign of the parameter MB
that defines the ordinary and inverted-band situations:
MB > 0 corresponds to the topological phase, MB < 0
is topologically trivial case.
The defects are represented by a localized potential
V (|r − rj |). We suppose that the density of the defects
is not very high so that they do not interact one with
other and can be considered independently. Particularly,
we do not consider defect clusters forming electron pud-
dles, which are sometimes discussed in connection with
the scattering of electrons in edge states. In the present
paper we study optical absorption due to defects with
short-range potential. This is a reasonable simplifica-
tion which is justified since the dielectric constant of TIs
is usually high31and therefore one can expect that the
long-range part of the defect potential is small.
Consideration of the defects with short-range potential
is of considerable interest also for the reason that in this
case the structure of the bound state spectrum weakly
depends on the details of the potential shape and there-
fore one can expect the appearance of universal results.
In what follows, it is convenient to use dimension-
less notations for the energy ε = E/|M |, the distance
r˜ = r
√
M/B, the wave vector k˜ = k
√
B/M , and the po-
tential v = V/|M |. For brevity we will drop the tilde. In
addition, we introduce important dimensionless parame-
ters
a =
A√
MB
, db =
D
B
, (2)
which determine the band structure of electrons in homo-
geneous crystal in the BHZ model. Parameter db deter-
mines the asymmetry of the electron and hole bands, and
the parameter a to a large extent determines the shape
of the dispersion relation in the conduction and valence
bands.
In order to study the optical absorption one should
calculate the matrix elements of the electron transitions
between different states localized on an impurity and be-
tween the impurity states and band states.
First consider the band states in absence of the SOI.
Since the Hamiltonian (1) has block-diagonal structure,
the spin-up and spin-down sectors can be considered in-
dependently. The band states are characterized by the
band index λ = ±, which corresponds to the c- and v-
bands, and the spin s =↑, ↓.
The electron energy is independent of the spin. The
dispersion relation in the c- and v-bands has the following
form:
ελ,s,k = dbk
2 + λ
√
(1− k2)2 + a2k2 . (3)
The band states in the spin-up sector are presented by
the following spinor:
Ψλ,↑,k = Cλ,↑,k

 1ak−
λ
√
(1− k2)2 + a2k2 − 1 + k2

 eikr ,
(4)
where k± = kx ± iky, Cλ,↑,k is normalization constant.
The band spectrum has the qualitatively different
shape in the following three regions of the parameters
a and db. At a >
√
2(1 + |db|), the energy gap equals
2|M | and the dispersion curves has the minimum in the
c-band and the maximum in the v-band at k = 0. At
a <
√
2(1− |db|), the dispersion curve has a mexican
hat shape in both bands, with the gap being smaller than
2|M |. When
√
2(1− |db|) < a <
√
2(1 + |db|), only one
of the bands has a mexican hat shape.
We now turn to the states bound at the defect. They
are found from the Schro¨dinger equation: [Hˆ0 + V (r) −
E]Ψ = 0. For the spin-up block we have
[ε− h(kˆ)]Ψ(r) = v(r)Ψ(r) , (5)
where Ψ(r) = (ψe(r), ψh(r))
T .
3This equation is easily solved in the case where the
potential is localized in a region which is small com-
pared with the characteristic length scale of the wave
function14. Using the Fourier transform we arrive at a
system of equations for spinor components at the defect,
Ψ¯(r ≈ 0) ≡ (ψ¯e, ψ¯h)T ,

1−
∞∫
0
dkkvk
ε−1+(1−db)k2
∆(ε, k)

 ψ¯e = 0 (6)

1−
∞∫
0
dkkvk
ε+1−(1+db)k2
∆(ε, k)

 ψ¯h = 0 , (7)
where ∆(ε, k) = (ε− dbk2)2 − (1− k2)2 − a2k2 and vk is
the Fourier transform of the potential v(r)
vk =
∞∫
0
drrv(r)J0(kr) , (8)
with J0(z) being the Bessel function.
The bound state energies are determined by Eqs (6)
and (7). It is obvious that they have solutions in two
cases:
1. Electron-like states: ψ¯e 6= 0, ψ¯h = 0. The energy of
these states ε = εe(v) is determined by the equation
∞∫
0
dkkvk
ε−1+(1−db)k2
∆(ε, k)
= 1 , (9)
2. Hole-like states: ψ¯e = 0, ψ¯h 6= 0 with the energy
ε = εh(v) that is determined by the equation
∞∫
0
dkkvk
ε+1−(1+db)k2
∆(ε, k)
= 1 . (10)
In each case there is only one solution14. Thus, at a
given potential of the defect there are two bound states:
electron-like and hole-like ones. They are described by
the following wave functions:
Ψe(r) = Ce
(
ψ1e(r)
ie−iϕψ2e(r)
)
, Ψh(r) = Ch
(
ieiϕψ1h(r)
ψ2h(r)
)
,
(11)
where ϕ is the azimuth angle of r,
ψ1e =
∫ ∞
0
dkkvk
εe−1 +(1−db)k2
∆(εe, k)
J0(kr) , (12)
ψ2e =
∫ ∞
0
dkvk
ak2
∆(εe, k)
J1(kr) , (13)
ψ1h =
∫ ∞
0
dkvk
ak2
∆(εh, k)
J1(kr) , (14)
ψ2h =
∫ ∞
0
dkkvk
εh+1−(1+db)k2
∆(εh, k)
J0(kr) . (15)
To analyze possible spectra of the the defect-induced
optical absorption, it is important to clarify how the en-
ergy of the bound states depends on the defect potential
amplitude. In the case of 2D TIs, this dependence turns
out to be very unusual. With increasing the potential,
the energies of both the electron-like and hole-like states,
εe and εh, tend to finite limiting values, εe∞ and εh∞, as
it is illustrated in Fig. 1(a) for the potential of the form:
v(r) = v(Λ2/pi) exp(−Λ2r2). The presence of these lim-
iting energies of the bound states is a specific property
of 2D TIs.
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FIG. 1. (Color online.) Energy of the electron-like, εe, and
hole-like, εh, bound states as a function of the defect poten-
tial. Dashed lines are the limiting energies εe∞ and εh∞,
dash-and-dot line is the Fermi level µ. (a) The calculation
within the asymmetric BHZ model without the SOI. The ar-
rows indicate the optical transitions, which are considered in
the calculation of the absorption spectrum in Sec. III. Calcu-
lations were carried out for a=2, db=0.2, Λ=5. (b) The same
as in the panel (a), but with account of the SOI. The SOI
parameter is ∆/|M |=0.5.
The analysis of the bound states in a wide range of
the parameters a and db shows that the properties of the
bound states desribed above are qualitatively the same
for all areas of the parameters. The only essential condi-
tion is the band structure inversion (MB > 0).
The existence of the electron-like and hole-like bound
states in 2D TIs as well as occurrence of the limiting ener-
gies was first found in our recent paper14 in the frame the
BHZ model symmetric with respect to the electron and
4hole states. In this paper we generalize these results to
the case of the asymmetric electron-hole band structure.
It should be noted that the electron-hole asymmetry is
very essential for all realistic 2D TIs used in experiments.
Now we consider the effect of the SOI, which is also
present in the realistic systems. To be specific we take
into account the SOI arising due to both the bulk and
interface inversion asymmetry, which is described by the
Hamiltonian35,36
HSOI =


0 0 0 −∆
0 0 ∆ 0
0 ∆ 0 0
−∆ 0 0 0

 . (16)
We have studied this case within the same approach
as above. In this case the calculations are much more
cumbersome since the Hamiltonian does not split into
two independent blocks and therefore the equations for
eigenfunctions should be used in full 4×4 form. However,
the results turn out to be qualitatively very similar to
those shown above. Therefore, we do not give the details,
and present only the main results.
We have found that a defect with short-range potential
produces two bound states. Their energies vary with the
potential amplitude in the same manner as in the case
without the SOI. This is illustrated by Fig. 1(b) where
specific results are presented for the same parameters a
and db as in Fig. 1(a), but the SOI is added. It is seen
that the SOI of rather high value (∆/|M |=0.5) does not
qualitatively change the bound-state spectrum and its
dependence on the defect potential. The main effects of
the SOI are as follows:
i) The band gap decreases, but not much. In the case
of Fig. 1, the gap is decreased from 2 to ≈1.77.
ii) The spin state is changed. The z-component of the
moment is not a quantum number. The moment deviates
from the z-axis and depends on the potential amplitude.
Thus, the basic properties of the impurity states, which
are important for our study, remain qualitatively un-
changed. Therefore in the following calculations we drop
the SOI.
The optical transitions between the bound states of dif-
ferent types and between the bound states and the band
states are studied in the electric dipole approximation.
Within the frame of the kp-theory, the Hamiltonian of a
light-matter interaction for spin-up sector reads
HI =
e
~c
√
B
M
(
2(1 + db)A · kˆ aA+
aA− −2(1− db)A · kˆ
)
, (17)
where
A = e
~c
√
B
M
A , (18)
with A being the vector potential. Specific calculations
are carried out for right-hand-polarized electromagnetic
field incident normally on the sample.
III. OPTICAL TRANSITIONS
In this section, we find out how the properties of the
defect-induced states are manifested in the optical ab-
sorption spectra of 2D TIs. The main features of the
absorption spectrum are caused by the intracenter tran-
sitions and the unusual dependence of the bound state
energies on the defect potential.
First of all, we note that the transitions between the
electron-like and hole-like states are allowed in the elec-
tric dipole approximations in each spin sector without
changing the spin since the orbital angular momenta of
these states differ by unity. This conclusion follows from
the direct calculation of the matrix elements 〈h|HI |e〉 of
the transition between Ψe and Ψh states. For example,
the matrix element of the transition with the absorption
of the light quantum on the defects with positive v is ex-
pressed via the spinor components ψ1e, ψ2e, ψ1h and ψ2h
as follows
〈h|HI |e〉
∣∣
v>0
= C∗hCeA0
∞∫
0
drr
[
aψ2hψ1e
−(1+db)ψ1h ∂ψ1e
∂r
−(1−db)ψ2h
(
∂ψ2e
∂r
+
ψ2e
r
)]
. (19)
A similar equation can also be obtained for defects with
v < 0. Using Eqs (12)-(15) it is easy to see that the right-
hand side of Eq. (19) is nonzero and the matrix element
〈h|HI |e〉 is a smooth function of v.
When calculating the probability of the optical tran-
sitions in the 2D TI, we assume that the real crystals of
TIs contain a variety of point defects with very different
potentials. The distribution of the defect potentials is
described by a function ρ(v), which is supposed to be a
smooth function going to zero at v → 0. We do not have
actual data on the magnitude of the defect potentials in
2D TIs. Nevertheless, one can do some estimates tak-
ing into account that the potential is determined by the
difference in the electron affinities of the defect and the
host crystal. The electron affinity is usually of the order
of Volts while the band gap in 2D TIs is typically of the
order of 10 mV. Therefore, we can assume that the scat-
ter in the defect potentials far exceeds the energy gap.
The rate of the transition with the absorption of pho-
tons is determined in the standard way37 and has the
form:
R(ω) =
4pi
~
∞∫
−∞
dvρ(v)
∣∣〈h|HI |e〉∣∣2(fe − fh)
× δ (εh(v)− εe(v)− ~ω) , (20)
where ~ω is the photon energy, fe and fh are the occupa-
tion probabilities of the electron-like and hole-like states.
This equation can be simplified by the integration of the
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FIG. 2. (Color online.) Energy difference of the hole-like and
electron-like states, εh− εe, as a function of the defect poten-
tial. Full lines correspond to positive and negative potential
in the case where db > 0. At db < 0 the lines are swapped.
Dashed line corresponds to the symmetric case, db = 0. Cal-
culations were carried out for a=2, db=0.2, Λ=5.
δ-function:
R(ω) =
4pi
~
∑
j

ρ(v)
∣∣〈h|HI |e〉∣∣2 fe−fh∣∣∣∣d(εh−εe)dv
∣∣∣∣


v=vj
, (21)
where vj is a root of the equation
εh(v)− εe(v) = ~ω , (22)
and the summation is over all roots vj .
In general case, Eq. (22) has two roots. This is illus-
trated in Fig. 2 where the left-hand side of Eq. (22) is
presented as a function of v. There are two branches
of [εh(v)−εe(v)] corresponding to the positive and nega-
tive potential. One of the branches (the branch for which
vdb > 0) has a maximum ∆ε
∗ at v = v∗. In the limit
v → ∞, both branches go to the unique value ∆ε∞.
When ∆ε∞ < ~ω < ∆ε
∗, there are two roots on the
branch that has the maximum. At ~ω < ∆ε∞, there are
also two roots, but they belong to different branches. Of
course, in the other spin sector, the situation is the same.
Eq. (21) takes into account both spin sectors.
Equation (21) allows one to qualitatively analyze main
features of the absorption spectrum caused by the intra-
center electron transitions. It is evident that a singular-
ity of R(ω) appears when d(εh−εe)dv = 0. As can be seen
from Fig. 2, the singularity occurs at two points: vj = v
∗
and vj → ∞. Correspondingly there are two features in
the spectrum of R(ω). At ~ω = ∆ε∗, the transition rate
R(ω) has the singularity of the form R ∼ (∆ε∗−~ω)−1/2.
Another singularity at ~ω = ∆ε∞ can be much more
strong since the denominator in Eq. (21) goes to zero as
(~ω − ∆ε∞)2. However, when v → ∞, the distribution
function goes to zero. Therefore the behavior of R(ω)
near the singularity point is determined by the asymp-
totics of the ratio ρ(v)/(~ω − ∆ε∞)2 at v → ∞. It is
easy to show that the denominator is proportional to v2
as v →∞. Thus, R(ω) is finite in the singularity point if
ρ(v) ≃ v−2, R(ω) diverges if ρ(v) decreases with v slower
than v−2, and R(ω) goes to zero if ρ(v) decreases faster
than v−2. This qualitative form of the absorption spec-
trum is illustrated in Fig. 3(a), where we show the pos-
sible shapes of the spectrum near the singularity points
(~ω = ∆ε∗ and ~ω = ∆ε∞) for different distribution
functions.
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FIG. 3. (Color online.) The spectrum of optical transition
rate in 2D TIs with point defects. (a) Illustration to the
qualitative analytical calculations (see the text). Lines 1, 2
and 3 describe the spectrum shape near the singularity point
~ω = ∆ε∞ for various asymptotics of the distribution func-
tion ρ(v) at v →∞. Dashed line – the absorption due to the
electron transitions from the bound states into the conduction
band. (b) The spectra calculated numerically for distribution
function of different forms: 1 – Gaussian, 2 – Lorentzian, with
vc=50. Line 3 is the edge of the absorption due to the elec-
tron transitions from the defects to the conduction band. In
this curve, R is scaled 1:100. The parameters used in the
calculation are a=2.0, db=0.2, Λ=5, vc=50.
The full form of the spectrum of R(ω) is studied
with the use of numerical calculations taking into ac-
count the electron transitions depicted by arrows in
Fig. 1(a), including the transitions from the defects to
the c-band. The distribution function is taken in two
forms: the Gaussian ρ(v) = (vc
√
2pi)−1 exp[−v2/(2v2c )]
and the Lorentzian ρ(v) = pi−1vc/(v
2 + v2c ). The results
are presented in Fig. 3(b). They confirm generally the
above qualitative picture. In the case of the Gaussian
ρ(v), the singularity at ~ω = ∆ε∞ has the form of two
peaks divided by a deep crevasse, while in the case of
the Loretzian ρ(v) only one peak exists at this point.
6The shape of the spectrum near the other singularity at
~ω = ∆ε∗ has a form of an asymmetric peak in both
cases.
IV. CONCLUSION
Electronic states bound at the structural defects in
bulk of the 2D TIs are substantially different from the
impurity states in trivial crystals. We have shown that
the nontrivial properties of these states are manifested
in the optical absorption spectrum. The characteristic
features of the spectrum originate from the intracenter
electron transitions.
We have studied in detail the case where the defects
produce a short-range potential. These defects create two
bound states with different pseudospin structure. The
specific feature of 2D TIs is that the energy of the bound
states depends on the defect potential in highly unusual
way. The energies of both states tend to the limiting val-
ues with increasing the potential. It is important that
electric dipole transition can occur between the states
localized at the same defect and hence the intracenter
electron transitions can largely determine the absorption
of light. We have calculated the optical absorption spec-
trum taking into account another important fact that the
real crystal contains a large number of different defects.
We have described the variety of defects by the distribu-
tion function over the potential amplitude.
The main result of our studies is that the defects lead
to the formation of two singularities in the absorption
spectrum. One singularity occurs at the energy close to
the difference between the limiting values of the energies
of the hole-like and electron-like bound states. The form
of the spectrum near this point depends on the distri-
bution function of the defect potentials. The singularity
can has the form of a peak or two peaks divided by a
deep crevasse. The second singularity is a peak. Its am-
plitude and position are determined by the asymmetry
of the electron and hole bands in 2D TI.
Thus, we conclude that the optical spectroscopy of the
bound states localized at defects can provide valuable
information about nontrivial properties of TIs.
ACKNOWLEDGMENTS
This work was partially supported by Russian Foun-
dation for Basic Research (Grant No 14-02-00237) and
Russian Academy of Sciences.
1 M. Z. Hasan, C. L. Kane, Colloquium: Topologi-
cal insulators, Rev. Mod. Phys. 82 (2010) 3045–3067,
doi:10.1103/RevModPhys.82.3045.
2 X.-L. Qi, S.-C. Zhang, Topological insulators and su-
perconductors, Rev. Mod. Phys. 83 (2011) 1057–1110,
doi:10.1103/RevModPhys.83.1057.
3 F. Ortmann, S. Roche, S. O. Valenzuela, Topological in-
sulators: Fundamentals and perspectives, John Wiley &
Sons, 2015.
4 X. Zhou, C. Fang, W. F. Tsai, and J. P. Hu, Theory of
quasiparticle scattering in a two-dimensional system of he-
lical Dirac fermions: Surface band structure of a three-
dimensional topological insulator, Phys. Rev. B 80 (2009)
245317, doi:10.1103/PhysRevB.80.245317.
5 H. M. Guo and M. Franz, Theory of quasiparti-
cle interference on the surface of a strong topolog-
ical insulator, Phys. Rev. B 81 (2010) 041102(R),
doi:10.1103/PhysRevB.81.041102.
6 Q. H. Wang, D. Wang, and F. C. Zhang, Electronic struc-
ture near an impurity and terrace on the surface of a three-
dimensional topological insulator, Phys. Rev. B 81 (2010)
035104, doi:10.1103/PhysRevB.81.035104.
7 R. R. Biswas and A. V. Balatsky, Impurity-induced
states on the surface of three-dimensional topolog-
ical insulators, Phys. Rev. B 81 (2010) 233405,
doi:10.1103/PhysRevB.81.233405.
8 A. M. Black-Schaffer and A. V. Balatsky, Strong
potential impurities on the surface of a topologi-
cal insulator, Phys. Rev. B 85 (2012) 121103(R),
doi:10.1103/PhysRevB.85.121103.
9 A. M. Black-Schaffer and A. V. Balatsky, Subsur-
face impurities and vacancies in a three-dimensional
topological insulator, Phys. Rev. B 86 (2012) 115433,
doi:10.1103/PhysRevB.86.115433.
10 W.-Yu Shan, J. Lu, H.-Zh. Lu, and Sh.-Q. Shen, Vacancy-
induced bound states in topological insulators, Phys. Rev.
B 84 (2011) 035307, doi:10.1103/PhysRevB.84.035307.
11 J. Lu, W.-Yu Shan, H.-Zh. Lu and Sh.-Q. Shen, Non-
magnetic impurities and in-gap bound states in topolog-
ical insulators, New Journal of Physics 13 (2011) 103016,
doi:10.1088/1367-2630/13/10/103016.
12 Sh.-Q. Shen, Topological Insulators. Dirac Equation in
Condensed Matters, Springer Series in Solid-State Sciences,
Vol. 174 (Springer-Verlag, Berlin, Heidelberg, 2012).
13 H.-H. Lee, J.-Y. Liu, C.-R. Chang, and S.-Q. Shen, Impu-
rity influence in quantum spin Hall transport, Phys. Rev.
B 88 (2013) 195149, doi:10.1103/PhysRevB.88.195149.
14 V. A. Sablikov, A. A. Sukhanov, Non-magnetic defects in
the bulk of two-dimensional topological insulators, Phys.
Status Solidi (RRL) – Rapid Research Letters 8 (10) (2014)
853–856, doi:10.1002/pssr.201409284.
15 F. M. Gambetta, N. Traverso Ziani, S. Barbarino, F. Cav-
aliere, M. Sassetti, Anomalous Friedel oscillations in a
quasihelical quantum dot, Phys. Rev. B 91 (2015) 235421,
doi:10.1103/PhysRevB.91.235421.
16 V. A. Sablikov, A. A. Sukhanov, Electronic states in-
duced by nonmagnetic defects in two-dimensional topo-
logical insulators, Phys. Rev. B 91 (2015) 075412.
doi:10.1103/PhysRevB.91.075412.
17 M. Ko¨nig, S. Wiedmann, C. Bru¨ne, A. Roth, H. Buh-
mann, L. W. Molenkamp, X.-L. Qi, S.-C. Zhang, Quantum
spin Hall insulator state in hgte quantum wells, Science
318 (5851) (2007) 766–770, doi:10.1126/science.1148047.
718 A. Roth, C. Bru¨ne, H. Buhmann, L. W. Molenkamp,
J. Maciejko, X.-L. Qi, S.-C. Zhang, Nonlocal transport in
the quantum spin hall state, Science 325 (5938) (2009)
294–297, doi:10.1126/science.1174736.
19 G. M. Gusev, Z. D. Kvon, O. A. Shegai, N. N. Mikhailov,
S. A. Dvoretsky, J. C. Portal, Transport in disordered two-
dimensional topological insulators, Phys. Rev. B 84 (2011)
121302, doi:10.1103/PhysRevB.84.121302.
20 G. Grabecki, J. Wro´bel, M. Czapkiewicz, L. Cywin´ski,
S. Giera ltowska, E. Guziewicz, M. Zholudev,
V. Gavrilenko, N. N. Mikhailov, S. A. Dvoretski,
F. Teppe, W. Knap, T. Dietl, Nonlocal resistance and
its fluctuations in microstructures of band-inverted
HgTe/(Hg,Cd)Te quantum wells, Phys. Rev. B 88 (2013)
165309, doi:10.1103/PhysRevB.88.165309.
21 I. Knez, C. T. Rettner, S.-H. Yang, S. S. P. Parkin,
L. Du, R.-R. Du, G. Sullivan, Observation of edge trans-
port in the disordered regime of topologically insulating
InAs/GaSb quantum wells, Phys. Rev. Lett. 112 (2014)
026602, doi:10.1103/PhysRevLett.112.026602.
22 T. Li, P. Wang, H. Fu, L. Du, K. A. Schreiber, X. Mu,
X. Liu, G. Sullivan, G. A. Csa´thy, X. Lin, R.-R. Du, Ob-
servation of a helical luttinger liquid in InAs/GaSb quan-
tum spin Hall edges, Phys. Rev. Lett. 115 (2015) 136804,
doi:10.1103/PhysRevLett.115.136804.
23 C. Wu, B. A. Bernevig, S.-C. Zhang, Helical liquid and
the edge of quantum spin hall systems, Phys. Rev. Lett.
96 (2006) 106401, doi:10.1103/PhysRevLett.96.106401.
24 T. L. Schmidt, S. Rachel, F. von Oppen, L. I. Glaz-
man, Inelastic electron backscattering in a generic heli-
cal edge channel, Phys. Rev. Lett. 108 (2012) 156402,
doi:10.1103/PhysRevLett.108.156402.
25 J. I. Va¨yrynen, M. Goldstein, Y. Gefen, L. I. Glaz-
man, Resistance of helical edges formed in a semicon-
ductor heterostructure, Phys. Rev. B 90 (2014) 115309,
doi:10.1103/PhysRevB.90.115309.
26 S. Essert, V. Krueckl, K. Richter, Two-dimensional
topological insulator edge state backscattering
by dephasing, Phys. Rev. B 92 (2015) 205306,
doi:10.1103/PhysRevB.92.205306.
27 B. Pajot, B. Clerjaud, Optical Absorption of Impurities
and Defects in Semiconducting Crystals: Electronic Ab-
sorption of Deep Centres and Vibrational Spectra, Vol.
169, (Springer-Verlag, Berlin, Heidelberg, 2012).
28 F. Bonaccorso, Z. Sun, T. Hasan, A. Ferrari, Graphene
photonics and optoelectronics, Nature photonics 4 (9)
(2010) 611–622, doi:10.1038/nphoton.2010.186.
29 H. Fang, H. A. Bechtel, E. Plis, M. C. Martin, S. Krishna,
E. Yablonovitch, A. Javey, Quantum of optical absorption
in two-dimensional semiconductors, Proceedings of the Na-
tional Academy of Sciences 110 (29) (2013) 11688–11691,
doi:10.1073/pnas.1309563110.
30 B. A. Bernevig, T. L. Hughes, S.-C. Zhang, Quantum
spin Hall effect and topological phase transition in hgte
quantum wells, Science 314 (5806) (2006) 1757–1761,
doi:10.1126/science.1133734.
31 In basic 2D TIs widely studied at present, the dielectric
constant ǫ is as follows: in thin films of Bi2Se3 ǫ is as high
as 10032,33, in heterostructures HgTe/CdHgTe ǫ ≈1534 and
in heterostructures InAs/GaSb ǫ ≈12.522.
32 N. P. Butch, K. Kirshenbaum, P. Syers, A. B. Sushkov,
G. S. Jenkins, H. D. Drew, J. Paglione, Strong sur-
face scattering in ultrahigh-mobility Bi2Se3 topologi-
cal insulator crystals, Phys. Rev. B 81 (2010) 241301,
doi:10.1103/PhysRevB.81.241301.
33 Y. Zhang, K. He, C.-Z. Chang, C.-L. Song, L.-L. Wang,
X. Chen, J.-F. Jia, Z. Fang, X. Dai, W.-Y. Shan, et al.,
Crossover of the three-dimensional topological insulator
bi2se3 to the two-dimensional limit, Nature Physics 6 (8)
(2010) 584–588, doi:110.1038/nphys1689.
34 A. Rogalski, HgCdTe infrared detector material: history,
status and outlook, Reports on Progress in Physics 68 (10)
(2005) 2267, doi:10.1088/0034-4885/68/10/R01
35 M. Ko¨nig, H. Buhmann, L. W. Molenkamp, T. Hughes,
C.-X. Liu, X.-L. Qi, S.-C. Zhang, The quantum
spin Hall effect: Theory and experiment, Journal of
the Physical Society of Japan 77 (3) (2008) 031007,
doi:10.1143/JPSJ.77.031007
36 M. V. Durnev and S. A. Tarasenko, Magnetic field effects
on edge and bulk states in topological insulators based on
HgTe/CdHgTe quantum wells with strong natural inter-
face inversion asymmetry, Phys. Rev. B 93 (2016) 075434,
doi:10.1103/PhysRevB.93.075434.
37 S. L. Chuang, Physics of photonic devices, Vol. 80, (John
Wiley & Sons, Ink, Hoboken, New Jersey, 2012).
